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1. Introduction

In 1972 Gilmer was the first who introduced the concept of cancellation ideals [5]. After that, D. D.
Anderson and D. F. Anderson in 1984, studied the concept of cancellation ideals [2] and they proved so many
results concerning this type of cancellation ideals. In 1992, A. G. Naoum and A. S. Mijbass in [10], introduced
the concept of cancellation and weakly cancellation modules and they proved many properties of these two kinds
of cancellation modules. In the present paper, we present the concept of the P —cancellation module, where P is

a prime ideal of a commutative ring R with identity.
Throughout this paper, R is a commutative ring with identity, P is a prime ideal of R and M is a left
R —module, unless otherwise stated. A non-empty set @ # S € R is said to be a multiplicative system if 0 & S
and S is closed under multiplication [4]. If S is a multiplicative system in R, then we denote the localization of R

at S by Rg (or S™1R [4]), which is Ry = {g:r € R,s € S} [4]. If P is a prime ideal of R, then one can easily get
that R \ P is a multiplicative system in R, and in this case, we use the symbol Rp to signify the localization of R
at R\ P, so that Rp = {% :1r € R,p € P}. If A is an ideal of R, then Ag = {% :a €A,s € S} and if P is a prime

ideal of R, then Ap = {%: a € A,p &P}. If N is a submodule of M, then Sy (N) ={r € R : rx € N, for some

x € M\ N} [3] and if A is an ideal of R, then Sg(A) = {r € R : ra € A, for some a ¢ A} [3]. For a prime ideal
P of R and a submodule N of M clearly, we have S = R\P is a multiplicative system in R and S N Sy, (N) = ¢ if
and only if Sy (N) € P. For a submodule K of M, (K : M) ={r e R:rM S K} and ann(M) = (0: M) ={r €
R : M = 0}. An R —module M is called a faithful R —module, if Ann(M) = (0 : M) = 0 [13]. An R —module
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M is called a multiplication module if for each submodule N of M, there exists an ideal I of R such that N = IM
[1]. Let M be an R —module and m € M. Then m is called a torsion element if there exists 0 # r € R such that
rm = 0. Otherwise, m is called a non-torsion element and if all elements of M are non-torsion elements, then M
is called a free torsion module [4]. Let R be a commutative ring with identity. We say R satisfies ascending
(descending) chain condition on ideals if any ascending (descending) chain of ideals in R is stationary, that is if
LEcLCcCI,C - (I;21,2 I, 2 ) is any ascending (descending) chain of ideals in R, then there exists
k € Z* such that I,, = I}, for all k > n and R is called a Noetherian (Artinian) ring if it satisfies the ascending
(descending) chain condition for ideals [4]. Let R be a ring, then it is called a semi-local ring if it has a finite
number of maximal ideals and it is called a local ring if it has a unique maximal ideal [4]. An R —module M is
said to be a cancellation (weak cancellation) module whenever A, B are ideals of R and AM = BM then A =
B(A + ann(M) = B + ann(M)) [11]. Finally, By /(M) we mean the Jacobson radical of a module M while
J(M) = Ng K where K is a maximal submodule of M) and if R is considered as an R —module then the Jacobson
radical of R, denoted by J(R), is defined by J(R) = Np P Where P is a maximal ideal of R [4].

2. Some Properties of P —Cancellation Modules
The aim of this section is to introduce the concept of P —cancellation modules and demonstrate some basic
properties of this concept.

Definition 2.1. Let M be an R —module and P be a prime ideal of R. An R —module M is called a
P —cancellation module if Mp is a cancellation module, that is, if A and B are any ideals of Rp such that

ZMP = EMp,thenz= E

Examples 2.2.
(1) Z is a P —cancellation Z —module for each prime ideal P of Z.
(2) Q is not a 2Z —cancellation Z —module.
Below we give a result which proves that an ideal of R is a cancellation ideal if and only if its localization is a
cancellation ideal at a given prime ideal of R.

Proposition 2.3. Let P be a prime ideal of R such that Sz (1) € P, for every ideal I of R and A be an ideal of R,
then A is a cancellation ideal of R if and only if Ap is a cancellation ideal of Rp.

Proof. To show Ap is a cancellation ideal of Rp. Let BAp = CAp, where B and C are two ideals of Rp. Then,
B = Bp and C = Cp, for some ideals B and C of R. Then we get, (BA)p = BpAp = BAp = CAp = CpAp =
(CA)p.To show BA = CA. By hypothesis, Sgp(I) S P. Now, let x € BA, then % € (BA)p = (CA)p, then there

exists u & P such that ux € CA. Now if possible, suppose that x € CA which implies that u € S;(CA) which is
contradiction (since Sg(CA) € P ), thus x € CA and hence, we get BA € CA. By the same technique as in the
above we can show that CA € BA and so we get BA = CA and since A is a cancellation ideal of R, we get B = C
and thus B = Bp = Cp = C . Hence Ap is a cancellation ideal of Rp.
Conversely, suppose that Ap is a cancellation ideal of Rp and to show that A is a cancellation ideal of R. Let B, C
are ideals of R such that BA = CA, then BpAp = (BA)p = (CA)p = CpAp and as Ap is a cancellation ideal of
Rp, we get Bp = Cp and since Sp(B) € P and Si(C) € P, one can easily get that B = C. Hence, A is a
cancellation ideal of R.

It is known that, if an R —module M is a cancellation module then Mp # 0, for every maximal ideal P of R
[11, Proposition 2.1]. Now, we can extend this result to prime ideals for P —cancellation modules.

Lemma 2.4. If M is a P —cancellation module, where P is a prime ideal of R, then Mp # 0. In particular, if P is
a maximal ideal of R, then Mp # 0.
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Proof. As M is a P —cancellation module, we have Mp is a cancellation module and since Pp is a maximal
(actually, the unique maximal) ideal of Rp, so by [11, Proposition 2.1], we obtain (Mp)p, # 0, this gives that
Mp # 0 (since if Mp = 0, then (Mp)p, = 0 which is a contradiction). The proof of the second part follows
directly from the certainty that any maximal ideal of a commutative ring with identity is a prime ideal.

In the following result, a condition is given, under which a P —cancellation module is a faithful module.
Theorem 2.5. An R —module M is faithful if it is P —cancellation and S3;(0) € P, where P is prime Ideal.
Proof. To show M is faithful, it is enough to show that Ann(M) = 0, so let r € Ann(M), then rM = 0, this
implies that < r >p Mp = (<1 > M)p S (rM)p = 0p = 0pMp. As M is a P —cancellation module, we get that
<r >p=0, and since g € <1 >p, so that § = 0, this implies that gr = 0, for some q € P. Now, if r # 0, then
q € Sy (0) € P, which makes a contradiction, that is = 0 and hence, Ann(M) = 0. Hence, M is a faithful
module.

Next, we give two equivalent conditions each makes a given submodule of a P —cancellation multiplication
R —module as a P —cancellation submodule.

Proposition 2.6. Let M be a P —cancellation R —module, where P is a prime ideal of R. If M is a multiplication
R —module and N is a submodule of M, then the following conditions are equivalent.

(1) N isaP —cancellation submodule.

(2) (N :M)isaP —cancellation ideal of R.

(3) N = AM, where A is an ideal of R satisfies P —cancellation property.

Proof. (1) = (2) Let N be submodule of M satisfies P —cancellation property. To show (N : M) is a
P —cancellation ideal of R, it is enough to show that (N : M)p is a cancellation ideal of Rp, so let A and B be
two ideals of Rp, such that A(N : M)p = B(N : M)p, then there exist ideals A and B of R such that A = Ap and
B = Bp. As, N is a multiplication submodule, so that N = (N : M)M, then ANp = ApNp = A((N : M)M)p =
A(N : M)pMp = B(N : M)pMp = B((N : M)M)p = BNp, and as N is a P —cancellation module, we have Np
is a cancellation module, so we get A = B. Hence, we obtain (N : M), is a cancellation ideal of Rp, that is,
(N : M) is a P —cancellation ideal of R.

(2) = (3) Itis clear that N = (N : M)M and (N : M) is a P —cancellation ideal of R, so by putting A = (N :
M) we get the result.

(3) = (1) Suppose that, N = AM, for the P —cancellation ideal A of R and to show that N is a P —cancellation
submodule. Now, let A and B be two ideals of Rp such that BNp = CNp. Now, BApMp = ApBMp = ApCMp =
CApMp. Since, M is a P —cancellation module, so we get BAp = CAp and since A is a P —cancellation ideal, we

get B = C. Hence, N is a P —cancellation submodule.

Next, we prove some results concerning the effect of ascending chain conditions and descending chain
conditions on P —cancellation modules and the rings on which the modules are defined.

Proposition 2.7. Let R be a semi-local ring with the maximal ideals Py, P,,..., P, and M be a Noetherian
P; —cancellation R —module, for every i (1 < i < k). Then R is a Noetherian ring.

Proof. Let A; € A, € --- € A, € --- be any ascending chain of ideals in R, then for any i, we have clearly
(A)p; € (A2)p; € -+ S (Ap)p, © -+ is an ascending chain of ideals in Rp, and then for each i, we get
(A)pMp, S (A2)pMp, S -+ S (Ap)p,Mp, S -++ is an ascending chain of submodules in Mp, and as M is
Noetherian, we get Mp, is also Noetherian for each i, so that for all i (1 < i < k), there exists a positive integer
m; €N such that (Apm)p,Mp, = (Am;41)p,Mp, = ---. Now, let m = max{m;}, then clearly we have
(Am)pMp, = (Amy1)p;Mp, = -+~ for each i (1 <i < k) and as each M; is a P; —cancellation module, we get
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(Am)p; = (Amy1)p, = -, that means (Ap)p, = (Aps1)p; = -+, for each maximal ideal P; of R, so that we get
A, = Ay = - . Hence, R is a Noetherian ring.

As a corollary to Proposition 2.7, we give the following result.
Corollary 2.8. If R is a local ring and M is a Noetherian P —cancellation R —module, then R is a Noetherian
ring.
Proposition 2.9. Let R be a semi-local ring with the maximal ideals Py, P,,...,P, and M be an Artinian
P; —cancellation R —module for every i (1 < i < k). Then R is an Artinian ring.
Proof. Let Ay 2 4, 2 --- 2 A, 2 --- be any descending chain of ideals in R, then for each i, we have clearly
(A)p; 2 (A2)p; 2 -+ 2 (Ap)p, 2 -+ is a descending chain of ideals in Rp, and then for each i, we get
(A1)p;Mp, 2 (A2)p,Mp, 2 -+ 2 (Ap)p,Mp, 2 -+ is a descending chain of submodules in Mp, and as M is
Artinian, we get Mp, is also Artinian for each i, so that for all i (1 <i < k), there exists a positive integer
m; €N such that (Ap)p,Mp, = (Am41)p,Mp, = ---. Now, let m = max{m;}, then clearly we have
(Am)p;Mp, = (Apmy1)p;Mp, = -+ for all i (1 <i < k) and as each M; is a P; —cancellation module, so for all
[ (1<i<k)we get (Ayn)p;, = (Ams1)p, = -+, that means, for each maximal ideal P; of R, we get (A,,)p;, =

(Ams1)p; = -+, so that we get Ay, = Ay = -+ . Hence, R is an Artinian ring.

As a corollary to Proposition 2.9, we give the following corollary.
Corollary 2.10. If R is a local ring and M is an Artinian P —cancellation R —module. Then R is an Artinian ring.
Now, we prove that the modules which are P —cancellation for each prime ideal P are cancellation modules.

Proposition 2.11. Let M be a P —cancellation module for all prime ideal P of R, then M is a cancellation
module.

Proof. Let P be any maximal ideal of R, then clearly P is a prime ideal of R, so by the given condition, M is a
P —cancellation module, that is Mp is a cancellation module, and to show M is a cancellation module, let A and
B be two ideals of R such that AM = BM, then we have ApMp = (AM)p = (BM)p = BpMp, and as Mp is a
cancellation module, we get Ap = Bp and this last result is true for all maximal ideal P of R, that is by [9,
Proposition 3.13], we obtain A = B, and hence M is a cancellation module.

Proposition 2.12. If M is a non-zero P —cancellation R —module such that Sy;(0) € P, Sg(J(R)) S P and
Sg(J(M) : M) € P, where P is a prime ideal of R, then (J(M) : M) = J(R).
Proof. Let P be any maximal ideal of R. If Mp = 0, then for any m € M, we have ? = 0, then pm = 0, for
some p € P, if m # 0, then p € S3,(0) € P, which is a contradiction. Hence, m = 0, this gives M = 0, that is a
contradiction, so that Mp # 0. As, M is a P —cancellation R —module, we get Mp is a non-zero cancellation
module, so by [12, Theorem 1.8], we get (J(Mp) : Mp) = J(Rp). On the other hand, we have (J(M) : M), =
J(M)p : Mp) = (J(Mp) : Mp) =J(Rp) = J(R))p, as SgJ(R)) S P and Sg(J(M) : M) < P, we get (J(M) :
M) =J(R).
3. Some Characterizations and Properties of P —Cancellation Modules

This section is devoted to discussing some characterizations and Properties of P —cancellation modules.

Initially, we prove that a multiplication module that contains a P —cancellation submodule is a P —cancellation
module and finitely generated.

Theorem 3.1. If M is a multiplication R —module which contains a P —cancellation submodule N, then M is a
finitely generated P —cancellation module. Whenever P is any prime ideal of R.
Proof. Since N is a submodule of M also as M is a multiplication R —module, then there exists an ideal I of R

such that N = IM, then Np = (IM)p = IpMp. To show M is a P —cancellation module, let A and B be two

ideals of Rp such that ZMP = BMp, then there exist ideals 4, B of R such that A= Ap and B = Bp, so that
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ApMp = BpMp. Now, ZNP = ApNp = AplpMp = IpApMp = [pBpMp = BplpMp = BNp and as N is a
P —cancellation submodule, we have A= E, so that M is P —cancellation submodule. The proof that M is
finitely generated follows directly from [10, Corollary 3.11].

Now, we prove that an R —module M is P —cancellation if and only if its localization is Pp —cancellation,
where P is a prime ideal of R.

Proposition 3.2. For a prime ideal P of R, an R —module M is a P —cancellation module if and only if Mp is
Pp —cancellation.

Proof. Suppose that M is a P —cancellation module. So that Mp is a cancellation module. To show Mjp is a
Pp —cancellation module, it is enough to show that (Mp)p, is a cancellation module. Note that Pp is the unique

maximal ideal of Rp and hence it is a prime ideal of Rp. Now, let H and K be two ideals of (Rp)p, such that
H(Mp)p, = K(Mp)p,, then there exist two ideals A and B of Rp such that H = (Z)PP and K = (E)PP, this gives
that (Z)PP(MP)PP = (E)PP(MP)PP, then (ZMP)PP = (EMP)PP and as Pp is the unique maximal ideal of Rp.
That is by [7, Corollary 2.2], we obtain ZMP = BM,, and as Mj is a cancellation module, we get A =B, so that
H=(4) Pp = (B) pp = K. Hence, Mp is a Pp —cancellation module.

Conversely, suppose that Mp is a Pp —cancellation module. To show M is a P —cancellation module, it is
enough to show that Mp is a cancellation module, so let A and B be two ideals of Rp such that ZMP = BMp.
Then, we have (Z)PP(MP)PP = (ZMP)PP = (EMP)PP = (E)PP(MP)PP and since, Mp is a Pp —cancellation
module, so we get (Mp)p, is a cancellation module, so that we get (4) Pp = (B) pp» and since, Pp is the unique

maximal ideal of Rp, that is by [7, Corollary 2.2], we have A = B, which implies that Mp is a cancellation
module, that is M is a P —cancellation module.
Next, we determine some characterizations of P —cancellation modules.

Theorem 3.3. Let M be an R —module and P be a prime ideal of R such that Sy;(N), Sg(I) S P for every ideal I

and every submodule, then the following are equivalent.

(1) M isa P —cancellation module.

(2) If AM € BM where A and B are ideals of R, then A € B.

(3) If (aA)M < BM where a € R and B is an ideal of R, then a € B.

4 (AM : M) = A, for all ideal A of R.

(5) (AM :BM) = (A : B), for all ideals A and B of R.

Proof. (1) = (2) Suppose that M is a P —cancellation module and A4, B are two ideals of R such that AM € BM

and we have to show that A € B. We have, ApMp = (AM)p € (BM)p = BpMp and as Mp is a cancellation

module, so by [10, Theorem 1.9], we get Ap € Bp and as Sp(B) € P, we get A € B.

(2) = (3) Suppose that (2) holds and let (a)M € BM so by (2) (a) € B thatis a € B.

(3) = (4) Suppose that (3) holds and let A be an ideal of R. To show (AM : M) = A, so let x € (AM : M) then

xM € AM, this implies that xM S (x)M € AM so by (3) we get x € A hence (AM : M) € A. Next let x € A,

then we get xM © AM, this gives x € (AM : M), so that A € (AM : M), thus (AM : M) = A.

(4) = (5) Suppose that (4) holds and let A, B are ideals of R and to show (AM : BM) = (A:B). Let x €

(AM : BM) then x € ((AM M) B) but by (4) we have (AM : M) = A, so that x € (A : B) and thus (AM :

BM) € (A : B). Next, let x € (A: B) so by (4) we have (AM : M) = A that is x € (A: B) = ((AM M) :

B) = (AM : BM) by [9, Proposition 2.3], so that we get (A : B) € (AM : BM). Hence, (AM : BM) = (A : B).

(5) = (1). Suppose that the condition (5) is satisfied. To show M is a P —cancellation module it is enough to

show that Mp is a cancellation module. Let A and B be ideals of Rp, then there exist ideals A and B of R such

that A = Ap and B = Bp. By (5), we have (AM : BM) = (A : B). As Sy (AM) € P, we get (AMp : BMp) =
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(ApMp : BpMp) = (AM : BM)p = (A: B)p = (4p : Bp) = (A : B), so by [10, Theorem 1.10], we get Mp is a
cancellation module and hence, M is a P —cancellation module.

The following result shows that an R —module M is a P —cancellation module whenever its homomorphic
image is a P —cancellation module.

Proposition 3.4. Let P be a prime ideal of R and M, N be two R —modules with N as a homomorphic image of
M which is a P —cancellation module, then M is also a P —cancellation R —module.
Proof. Since N is a homomorphic image of M, so let f : M — N be an epimorphism, so that f(M) = N. We will

show that M is a P —cancellation module. Let A and B be two ideals of Rp such that AMp = BMp, then there
exist ideals A and B of R such that A = Ap and B = Bp. Let, fp be the induced Rp —morphism by f, then we get

fp(Mp) = (f(M))p = Np. We have, ZNP = Apﬂ;(Mp) = fp(ApMp) = fP(ZMP) = fP(EMP) = fp(BpMp) =
Bpfp(Mp) = BNp and as N is a P —cancellation R —module, we get A = B. Hence, M is a P —cancellation

R —module.
The converse of the above Proposition, need not be true in general as it is shown by the following example.

Example 3.5. Consider M = Q @ Z as a Z —module. Take the prime ideal P = 2Z, of Z. As Z is a Z —module,
by Example 2.2 (1), we have Z is a 2Z —cancellation Z —module and as Z is a direct summand of M, so by
Proposition 3.4, we get M is a 2Z —cancellation Z —module. On the other hand, we have Q is a homomorphic
image of M which is not a 2Z —cancellation Z —module (see Example 2.2 (2)).

Next, we prove the following result.

Proposition 3.6. Let M be an R —module which has a P —cancellation direct summand L, then M is also a
P —cancellation module, where P is a prime ideal of R.
Proof. As L is a direct summand of M, so let M = LN, where N is a submodule of M. Next, let m: M — L
defined by m(l + n) = [, forall l € L and n € N, be the natural projection, then clearly m(M) = L, that means, L
is a homomorphic image of M, so by Proposition 3.4, M is a P —cancellation module.

In the next two results, we prove that under certain conditions the summation and the intersection of two
P —cancellation submodules of an R —module are also P —cancellation submodules.

Proposition 3.7. If M is an R —module and L, N are two P —cancellation submodules of M such that Sy, (L) &
P, Sy(N)SPandR=(N:L)+ (L:N),then N + L is also a P —cancellation submodule. Where P is a prime
ideal of R.

Proof. As L,N are P —cancellation submodules, we have Lp and Np are cancellation submodules of M and
since, R=(N:L)+ (L:N),sowegetRp =((N:L)+(L:N)p=WO:L)p+(L:N)p={Np:Lp)+(Lp:
Np). Then, by [8, page 116], we get Np + Lp is a cancellation module and since we have, (N + L)p = Np + Lp,
so that (N + L)p is a cancellation module, that is N + L is a P —cancellation module.

Proposition 3.8. If M is an R —module and L, N are two P —cancellation submodules of M such that Sy, (L) &
P, Sy(N)SPand R=(N:L)+ (L:N), then NNL is also a P —cancellation module. Where P be a prime
ideal of R.

Proof. As L,N are P —cancellation submodules, we have Lp and Np are cancellation submodules of M and
since, R=(N:L)+ (L:N),sowegetRp =((N: L)+ (L:N)p=WN:L)p+(L:N)p=WNp:Lp)+(Lp:
Np). Then, by [8, page 116], we get Np(\Lp is a cancellation module and since we have, (NNL)p = NpMNLp, so
that (NNL)p is a cancellation module, that is N(L is a P —cancellation module.

The next result shows that under certain conditions nonzero cyclic modules are P —cancellation.

Proposition 3.9. Let M = Rm, where 0 # m € M and P be prime ideal of R, then M is a P —cancellation
module if S),(0) = 0.
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Proof. We have M = Rm, for m € M and to show M is a P —cancellation module, let A and B be any two ideals
of Rp such that AMp = BMp, then there exist ideals A and B of R such that A = Ap and B = Bp, then we get

Ap(Rm)p = Bp(Rm)p. Now let %EAP, where a €A and s € P. As ?E(Rm)P, we get %=%?E

Ap(Rm)p = Bp(Rm)p = (BRm)p, then there exists u € P such that uam € BRm, then uam = Y\, byrym =
Oy bir;)m, where b; € B and r; € R, for i(1 < i < n), this implies that (ua — Yj=, b;r;)m = 0. Now, As
0 #m, so ua — X, b;r; € S);(0) = 0 and thus we get ua — Y,j=, b;r; = 0, that is ua = Y,j=, b;1; € B, then
a ua

S=oTT % € Bg, so that Ap € Bp. By using the same technique, we get Bp € Ap, so Ap = Bp, that is, A =B,

so M is a P —cancellation module.
Next, we prove that cyclic R —modules which are generated by non-torsion elements are P —cancellation
modules.

Proposition 3.10. Let P be a prime ideal of R, then every cyclic R —module which is generated by a non-torsion
element is a P —cancellation module.
Proof. Suppose that M = Rm, where m is a non-torsion element of M and to show that M is a P —cancellation

module. Let A and B be any ideals of Rp such that AMp = BMp, then there exist ideals A and B of R such that
A = Ap and B = Bp, then we get Ap(Rm)p = Bp(Rm)p. Now letg € Ap, where a € R and s € P, then aq € A,

q;l—sm = %% € Ap(Rm)p = Bp(Rm)p = (BRm)p, then there exists
u & P such that ugam € BRm, then ugam =Y, byrym = (3{~, b;r;)m, where b; € B and r; € R, for

i(1 <i<mn),then (uga — Yj=; bir;)m = 0. As m is a non-torsion element, we get uqa — Y,j—, b;r; = 0, that is

uqa = Y%, b;r; € B, then % = %%% = % € Bs, so that Ap € Bp. By using the same technique, we get Bp ©

for some q & P. As %E (Rm)p, we get

Ap, 50 Ap = Bp, thatis, A = B, so that M is a P —cancellation module.
Finally, we take an example that illustrates that, if the generator of cyclic R —modules M is a torsion element
the M may not be the P —cancellation module.

Example 3.11. Z, as a Z —module isn’t a < 3 > —cancellation module. We have Z, = (1) and (3) is a prime
ideal of Z and clearly (2)(3)Zz<3> =(0)3) = (0)<3)Zz<3> but (0)3) # (2)3), so that Z, is not a <3 >

—cancellation module.

4. Cancellation and P —Cancellation Modules

In the last section, we focus on the relations that combining cancellation modules and P —cancellation
modules. So, the following two results give us a relation that combines cancellation (P —cancellation) ideals of a
ring and cancellation (P —cancellation) submodules in P —cancellation modules.

Proposition 4.1. Let M be P —cancellation, P be a prime ideal with Sy;(K),Sg(I) S P, for every submodule K
and every ideal I, then an ideal A is cancellation if and only if AM is cancellation.

Proof. (=)Assume that AM is a cancellation module and to show A is a cancellation ideal of R, so let BA = CA
where B and C are ideals of R. Now clearly, we have BAM = CAM then as AM is a cancellation module
so B = C and hence 4 is a cancellation ideal of R.

(&) Let A be a cancellation ideal of R, since Sp(I) € P for every ideal I of R so by Proposition 2.3, we get Ap
is a cancellation ideal of Rp and as Mp is a cancellation module by [10, Proposition 1.5], we have (AM)p is a
cancellation module and since, (AM)p = ApMp, so that ApMp is a cancellation module. To show AM is a
cancellation module, so let BAM = CAM, where B and C are ideals of R, then we get Bp and Cp are ideals of
Rp . Now, we have BpApMp = (BAM)p = (CAM)p = CpApMp and as ApMp is a cancellation module, so we
get Bp = Cp. As Sp(B) € P and Sg(C) € P, we get B = C. Hence AM is a cancellation module.
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Theorem 4.2. Let M be a P —cancellation R —module, P is a prime ideal of R. If A is an ideal of R, then AM is a
P —cancellation submodule if and only if A is a P —cancellation ideal of R.
Proof. (=) Suppose that AM is a P —cancellation module, where P is a prime ideal of R, to show A is a
P —cancellation ideal of R, let B and C be any ideals of Rp such that BAp = CAp. Then, there exist two ideals B
and C of R such that B = Bp and C= Cp, so that BpAp = CpAp. Then, clearly, we have BpApMp = CpApMp,
so that Bp(AM)p = Bp(ApMp) = Cp(ApMp) = Cp(AM)p and since AM is a P —cancellation module, we get
Bp = Cp, thatis B = C. Hence, A is a P —cancellation ideal of R.
(<) Suppose that A is a P —cancellation ideal of R and to show AM is a P —cancellation module, let B and C be
any two ideals of Rp such that B(AM)p = C(AM)p. Then (EAP)MP = B(4pMp) = B(AM)p = C(AM)p =
E(APMP) = (EAP)MP. Now, as M is a P —cancellation module, we get BAp = EAP and as A is a
P —cancellation module, we get B=C. Hence, AM is a P —cancellation module.

Next, we give a partial answer to the question that asks, when a P —cancellation module is a cancellation?

Proposition 4.3. Let M be an R —module and P be a prime ideal of R such that Sy (A) € P for every ideal A of
R.If M is a P —cancellation module, then M is a cancellation module.

Proof. To show that M is a cancellation module, let A and B be any two ideals of R such that AM = BM, then
we have ApMp = (AM)p = (BM)p = BpMp, and as M is P —cancellation module, we get that Ap = Bp. Now,
let a € A, then % € Ap but Ap = Bp so that % € Bp, then there exists u € P such that ua € B. Now, if possible,

suppose that a € B, then we get u € Sp(B) and as Sg(B) € P, we get u € P, which is a contradiction. Thus
a € B and hence A € B, similarly we can show B € A. Hence A = B and this shows that M is a cancellation
module.

Now, we give the answer to the question that asks, when a cancellation is a P —cancellation module?

Theorem 4.4. Let M be an R —module and P be a prime ideal of R. If Sy(K) S P, for every submodule K of
M, then each cancellation submodule of M is a P —cancellation submodule.

Proof. Let N be any cancellation submodule of M. To show that N is a P —cancellation R —module, that is, to
show Np is a cancellation Rp —module. Let A and B be any two ideals of Rp such that ANy = BNp, then A = Ap
and B = Bp, for some ideals A and B of R, so that (AN)p = ApNp = ANp = BNp = BpNp = (BN)p. As AN
and BN are submodules of M so, by the given condition, we have Sy (AN) € P and Sy;(BN) € P and hence
from the last equation, we get AN = BN and as N is a cancellation submodule, we get A = B and hence, we get
A =Ap = Bp = B, so that N is a P —cancellation R —module.

As a corollary to the previous theorem, we give the following result.

Corollary 4.5. Let M be an R —module and P be a prime ideal of R such that Sy;(N) € P, for every submodule
N of M. If M is a cancellation module, then M is a P —cancellation module.
Proof. Since M € M, so the proof of this corollary follows directly by putting N = M in Theorem 4.4.

Now, by combining Proposition 4.3 and Corollary 4.5, we get the following theorem.

Theorem 4.6. Let M be an R —module and P be a prime ideal of R such that Sg(A4) € P for every ideal A of R
and Sy (N) € P, for each submodule N of M, then M is a cancellation module if and only if M is a
P —cancellation module.

Proof. The proof is clear by Proposition 4.3 and Corollary 4.5.

Proposition 4.7. If M is a finitely generated R —module and P is a prime ideal of R. Then M is a cancellation
module if and only if M is a P —cancellation module.
Proof. The proof is analogous to the proof of [11, Proposition 2.3] by taking S = R\P.
Finally, we determine some characterizations of cancellation and P —cancellation modules.
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Theorem 4.8. If M is an R —module and P is a prime ideal of R such that Sz(I) € P and Sy;(N) € P, for each
ideal I of R and each submodule N of M, then the following are equivalent.

(1) M is cancellation module.

(2) M isaP —cancellation module.

(3) If AM < BM, where A and B are ideals of R, then A € B.

4) If (a)M < BM, where a € R and B is an ideal of R, then a € B.

(5) (AM : M) = A, for all ideal A of R.

(6) (AM :BM) = (A : B), for all ideals A and B of R.

Proof. The proof follows directly from Corollary 4.5, Theorem 3.3, and [10, Theorem 1.9].
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